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In this paper, the two-point function of linearized gravitons on de Sitter (dS) space is presented.
Technically, respecting the dS ambient space notation, the field equation is given by the coordinate-
independent Casimir operators of the de Sitter group. Analogous to the quantization of the electromagnetic
field in Minkowski space, the field equation admits gauge solutions. The notation allows us to exhibit the
formalism of Gupta-Bleuler triplets for the present field in exactly the same manner as it occurs for the
electromagnetic field. In this regard, centering on the spin-two part (the traceless part,Kt), the field solution
is written as a product of a generalized polarization tensor and a minimally coupled massless scalar field.
Then, admitting a de Sitter–invariant vacuum through the so-called “Krein space quantization,” the de Sitter
fully covariant two-point function is calculated. This function is interestingly free of pathological large
distance behavior (infrared divergence). Moreover, the spin-zero part (the pure-trace part; Kpt) of the field
is discussed in this paper. It is shown that the implications of the dS group unitary irreducible
representations restrict the gauge-fixing parameter to the optimal value, which remarkably results in
the pure-trace part be written in terms of a conformally coupled massless scalar field.
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I. INTRODUCTION

The recent cosmological observations are strongly in
favor of a positive acceleration of the present Universe [1],
so that, with good accuracy, the background spacetime can
be considered a de Sitter space. Therefore, the study of the
linear perturbations of Einstein gravity around the de Sitter
metric (the dS linear quantum gravity) and the associated
two-point function are of particular interest. However, the
infrared (IR) properties of the dS graviton two-point
function have remained a source of controversy over the
past 30 years. The graviton two-point function in de Sitter
space behaves in a manner similar to that for the minimally
coupled massless scalar field [2], for which there is no
Hilbertian dS-invariant vacuum state because of infrared
divergences [3,4]. This similarity leads to infrared diver-
gences in the graviton two-point function [5–7]. However,
contrary to infrared divergences relevant to those of the
massless scalar field theory in Minkowski space, it has been
shown that there are no physical IR divergences in the
graviton two-point function in de Sitter spacetime [2].
Indeed, it is proved that the IR divergence of the graviton
propagator on a de Sitter background does not manifest
itself in the quadratic part of the effective action in the one-
loop approximation [8].

From another perspective, the IR divergences have been
considered by some authors to create instability in the de
Sitter space [9,10]. Accordingly, in terms of the dS flat
coordinate, the field operator for linear gravity has been
investigated by Tsamis and Woodard, and they have
examined the resulting possibility of quantum instability
[11]. Such a quantum field, however, breaks the de Sitter
invariance (the coordinate covers only one-half of the de
Sitter hyperboloid).
Recently, however, by admitting a de Sitter–invariant

vacuum in an indefinite inner product space, it has been
proved that a causal and fully covariant construction of the
minimally coupled massless1 scalar quantum field on de
Sitter spacetime can be structured into the so-called “Krein
space quantization” [14,15]. The causality and the covari-
ance of the theory are actually assured thanks to a suitable
choice of the space of solutions of the classical field
equation. Interestingly, contrary to what happened in
previous treatments of this problem, the formalism suffers
from neither infrared nor ultraviolet divergences
(this formalism yields an automatic covariant renormaliza-
tion of the energy-momentum tensor). The Krein space
quantization, therefore, provides a proposal to construct the

*h.pejhan@piau.ac.ir
†s.rahbardehghan@iauctb.ac.ir

1It is worth mentioning that, in a generic curved spacetime,
there is no obvious definition of the mass concept. However,
in the (anti–)de Sitter spacetime, thanks to the maximal symmetry
of these spaces, the mass concept can be defined precisely
[12,13].
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covariant and infrared-free graviton two-point function on a
de Sitter background [16–20].
In this paper, respecting these capabilities and also

considering a rigorous group theoretical approach, the dS
linear quantum gravity (neglecting the graviton-graviton
interactions) is investigated. At the beginning, in Sec. II,
the de Sitter graviton field equation is presented. Then, the
dS ambient formalism (five global coordinates) and the
two independent Casimir operators of the dS group are
introduced. Utilizing the ambient space notation provides
the opportunity to express the field equation in terms of
the coordinate-independent de Sitter–Casimir operators.
These operators enable one to classify the unitary irredu-
cible representations (UIRs) of the dS group [21,22]. On
this basis, it is discussed that the field equation admits
gauge solutions, and one is free to consider a gauge-fixing
parameter c.
Therefore, in Sec. III, with regard to the field equation,

constrained with the tracelessness condition (the pure-trace
part will be discussed in Sec. VII), we define a Gupta-
Bleuler triplet to manage the covariance and the gauge
invariance of the theory. Indeed, as discussed in Ref. [23],
“the appearance of the Gupta-Bleuler triplet seems to be
universal in gauge theories, and crucial for quantization.”
Thanks to the ambient space notation, an exhibition of the
Gupta-Bleuler triplet for our considered field occurs in
exactly the same manner as the electromagnetic field (for
more mathematical detail, see for instance [18]).
Accordingly, it is pointed out that the invariant space is
determined by an indecomposable representation of the dS
group, while physical states (the central part of the
indecomposable representation) correspond to the UIR’s
Π�

2;2 (the Dixmier’s notation [21]).
Section IV is devoted to the solution of the traceless part

of the field equation, which is a coordinate-independent
function (thanks to the dS ambient notation). We express
the field solution Kt in terms of a polarization tensor and
the minimally coupled massless scalar field:

Kt
αβðxÞ ¼ Dαβðx; ∂ÞϕðxÞ:

Actually, it is shown that quantizing entails preliminary
covariant quantization of the minimally coupled massless
scalar field. For which, as mentioned, it has been claimed
that there is no Hilbertian de Sitter–invariant vacuum state,
so no covariant Hilbert space quantization is possible [3,4].
Interestingly, a closer look at the situation reveals a further

Gupta-Bleuler triplet (the Krein-Gupta-Bleuler triplet) lying
behind the minimally coupled massless scalar field [14,15].
More precisely, it is proved that a rather straightforward
application of the Gupta-Bleuler formalism, without chang-
ing the physical content of the theory, permits one to avoid the
symmetry-breaking altogether; the constructed field trans-
forms correctly under deSitter andgauge transformations and
acts on a state space containing a vacuum invariant under all

of them. It is free of infrared divergence [14,15]. A brief
discussion of these statements is given in Sec. V. Consistency
of the Krein quantization method with the usual ones in the
Minkowskian limit, as a necessity of any successful quan-
tization scheme in dS space, and the unitarity condition are
also studied in this section.
In Sec.VI, theKrein space quantizationmethod is utilized

to calculate the dS covariant two-point function for the spin-
two sector,Wt

αβα0β0 ðx; x0Þ, in the ambient space notation. It is
also written in terms of the intrinsic coordinate. This
function fulfils the conditions of (1) locality, (2) covariance,
(3) transversality, (4) permutational index symmetries, and
(5) tracelessness. Interestingly, it is free of any infrared
divergences.
In Sec. VII the pure-trace part (the so-called conformal

sector) of the tensor fieldKpt is studied. It is proved that the
gauge-fixing procedure, based on the group theoretical
impositions, results in the pure-trace part be written in the
sense of a conformally coupled massless scalar field.
Finally, a brief summery and discussion are given in

Sec. VIII. Some mathematical details of calculations are
supplied in the Appendixes.

II. DE SITTER LINEAR QUANTUM GRAVITY:
THE FIELD EQUATION

In this section, by splitting our metric into a dS fixed
background gdSμν and a small fluctuation hμν, i.e. gμν ¼ gdSμνþ
hμν, we briefly study the linearized graviton field equation
in de Sitter spacetime. At this linear approximation, the
reparametrization invariance implies the following gauge
invariance:

hμν → hμν þ 2∇ðμΞνÞ; ð1Þ

where Ξν is an arbitrary vector field and ∇ðμΞνÞ ¼
1
2
ð∇μΞν þ∇νΞμÞ. No term proportional to h2 appears in

the linearized Lagrangian; therefore, the propagating dS
wave equation for tensor fields hμν is [24,25]

ð□H þ 2H2Þhμν − ð□H −H2ÞgdSμνh0 − 2∇ðμ∇ρhνÞρ

þ gdSμν∇λ∇ρhλρ þ∇μ∇νh0 ¼ 0; ð2Þ

H refers to the Hubble constant, ∇ν to the dS covariant
derivative, □H ¼ gdSμν∇μ∇ν to the Laplace-Beltrami oper-
ator and h0 ¼ ðgdSÞμνhμν. Here, we consider a generaliza-
tion of the Lorentz gauge condition, i.e.

∇μhμν ¼ ζ∇νh0; ð3Þ

where ζ is an arbitrary constant. Technically, by adding a
gauge-fixing term to the Lagrangian, one can fix the gauge.
In this regard, the ambient notation is introduced in the next
part to express the field equation (2) in terms of the
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coordinate-independent de Sitter–Casimir operators.
Interestingly, it will be shown that considering the specific
value ζ ¼ 1

2
, the relation between the tensor field and the dS

group representations becomes apparent.

A. The de Sitter ambient space notation

De Sitter spacetime can be considered as a one-sheeted
hyperboloid embedded in a five-dimensional Minkowski
space (α, β ¼ 0, 1, 2, 3, 4)

XH ¼ fx ∈ R5; x2 ¼ ηαβxαxβ ¼ −H−2g; ð4Þ

where ηαβ ¼ diagð1;−1;−1;−1;−1Þ. The dS metric is
(μ, ν ¼ 0, 1, 2, 3)

ds2 ¼ ηαβdxαdxβjx2¼−H−2 ¼ gdSμνdXμdXν: ð5Þ

xα and Xμ are, respectively, referred to the dS ambient space
formalism (five global coordinates) and the dS intrinsic
coordinate (four local coordinates).
Here, we consider the ambient space coordinate, which

enables us to formulate the dS elementary systems (in the
Wigner sense) in analogy with the Minkowskian case. In
this notation, the tensor field KαβðxÞ must satisfy the
following conditions:

(i) homogeneity

xα
∂
∂xα KβγðxÞ ¼ x · ∂KβγðxÞ ¼ σKβγðxÞ: ð6Þ

(ii) transversality

xαKαβðxÞ ¼ xβKαβðxÞð≡x ·KðxÞÞ ¼ 0: ð7Þ

In this coordinate, the covariant derivative is

DβTα1…αi…αn ¼ ∂̄βTα1…αi…αn −H2
Xn
i¼1

xαiTα1…β…αn ; ð8Þ

where ∂̄ is the tangential (or transverse) derivative

∂̄α ¼ θαβ∂β ¼ ∂α þH2xαx · ∂; x · ∂̄ ¼ 0: ð9Þ

θαβ ¼ ηαβ þH2xαxβ is the transverse projector. It is the
only symmetric and transverse tensor which is related to the
de Sitter metric

gdSμν ¼ ∂xα
∂Xμ

∂xβ
∂Xν θαβ:

The “intrinsic” field hμνðXÞ is locally determined by the
“transverse” tensor field KαβðxÞ through

hμνðXÞ ¼
∂xα
∂Xμ

∂xβ
∂XνKαβðxðXÞÞ: ð10Þ

Accordingly, to investigate the relation between the tensor
field and the irreducible representations of the dS group,
one can easily write the field equation (2) in terms of the dS
Casimir operator.
The de Sitter kinematical group is the ten-parameter

group SO0ð1; 4Þ [connected component of the identity in
Oð1; 4Þ]. It has two Casimir operators2

Qð1Þ
2 ¼ −

1

2
LαβLαβ; Qð2Þ

2 ¼ −WαWα; ð11Þ

Wα ¼ − 1
8
ϵαβγσηLβγLση and ϵαβγση is the antisymmetric

tensor in the ambient space notation with ϵ01234 ¼ 1. The
dS group generator is Lαβ ¼ Mαβ þ

P
αβ, in which [26]

Mαβ ≡ −iðxα∂β − xβ∂αÞ ¼ −iðxα∂̄β − xβ∂̄αÞ; ð12Þ

and

X
αβ

Kγδ…≡−iðηαγKβδ…

−ηβγKαδ…þηαδKγβ…−ηβδKγα…þ�� �Þ: ð13Þ

On this basis, the action of Q2ð≡Qð1Þ
2 Þ on K can be written

explicitly as

Q2K ¼ ðQ0 − 6ÞKþ 2ηK0 þ 2Sx∂ ·K − 2S∂x ·K; ð14Þ

Q0 ¼ − 1
2
MαβMαβ ¼ −H−2ð∂̄Þ2 is the scalar Casimir

operator and S is the symmetrizer operator (Sξαωβ ¼
ξαωβ þ ξβωα).
Accordingly, the field equation forK takes the following

form [17,25],

ðQ2 þ 6ÞKðxÞ þD2∂2 ·KðxÞ ¼ 0; ð15Þ

in which the operator D2 is defined by

D2K ¼ H−2Sð∂̄ −H2xÞK; ð16Þ

and ∂2·, the generalized divergence on the de Sitter
hyperboloid, is as follows,

∂2 ·K ¼ ∂ ·K −H2xK0 −
1

2
H2D1K0; ð17Þ

D1 ¼ H−2∂̄ and K0 is the trace of Kαβ. Considering an
arbitrary vector field Λg and the following relations [27,28],

2The subscript 2 inQð1Þ
2 andQð2Þ

2 reminds that the carrier space
is constituted by second rank tensors.
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∂2 ·D2Λg ¼ −ðQ1 þ 6ÞΛg; Q2D2Λg ¼ D2Q1Λg;

Q1Λg ¼ ðQ0 − 2ÞΛg þ 2x∂ · Λg − 2∂x · Λg; ð18Þ

one can simply show that Eq. (15) is invariant under the
following gauge transformation [29]:

K → KþD2Λg: ð19Þ

In this notation, the general gauge condition (3) would be

∂2 ·K ¼
�
ζ −

1

2

�
∂̄K0: ð20Þ

Consistently with (15), the following action can be
considered

S ¼
Z

dσL; L ¼ −
1

2x2
K · ·ðQ2 þ 6ÞKþ 1

2
ð∂2 ·KÞ2:

ð21Þ

dσ is the volume element in dS space. By adding a gauge-
fixing term to the Lagrangian, one obtains [29]

L ¼ −
1

2x2
K · ·ðQ2 þ 6ÞKþ 1

2
ð∂2 ·KÞ2

þ 1

2α

�
∂2 ·K −

�
ζ −

1

2

�
∂̄K0

�
2

: ð22Þ

Then, by choosing ζ ¼ 1
2
, we have (c ¼ 1þα

α )

L ¼ −
1

2x2
K · ·ðQ2 þ 6ÞKþ c

2
ð∂2 ·KÞ2: ð23Þ

ðQ2 þ 6ÞKðxÞ þ cD2∂2 ·KðxÞ ¼ 0: ð24Þ

In analogy with the electromagnetic field in Minkowski
space, the field equation admits gauge solutions (c is the
gauge-fixing parameter). Quantizing gauge-invariant theo-
ries, as is well known, usually requires a quantization
scheme à la Gupta-Bleuler [23,30]. It has, in fact, been
proved that the use of an indefinite metric is an unavoidable
feature if one insists on the preserving of causality (locality)
and covariance in gauge quantum field theories.
Before coming back to this point, the group-theoretical

content of the field equation will be described in the
following part.

B. De Sitter group interpretation

Generally, the tensor field is composed of two parts:

KαβðxÞ ¼ Kt
αβðxÞ þKpt

αβðxÞ: ð25Þ

The spin-two part (the traceless part) of the theory Kt
αβ and

the spin-zero part (the pure-trace part) Kpt
αβ. It is worth

mentioning that the pure-trace part does not correspond to a
UIR of the dS group. Indeed, the traceless conditions on the
tensor field is a necessary condition in order to relate it to
the UIRs of the dS group [28]. In the other word, in the
context of general relativity, the pure-trace part of the
graviton field does not carry any dynamics. However, when
matter quantum fields are taken into account, this part of the
metric attains a dynamical content. Actually the pure-trace
part is considerable for establishing inflationary scenarios
of the universe. A scalar field called inflaton is introduced
in these models because of that, the pure-trace part of the
metric becomes dynamical and it must be quantized
[31,32]. Through this process, then, a gravitational insta-
bility is produced that combined with the primordial
quantum fluctuations of the inflaton scalar field define
the inflationary model. These models are capable of
describing the configuration of the galaxies, clusters of
galaxies and the large scale structure of the universe [33].
The pure-trace part will be considered in Sec. VII.
The spin-two part, the traceless massless tensor field

Kt
αβ, however, corresponds to the associated indecompos-

able representation of the de Sitter group. Actually, with
regard to the definition of the dS group Casimir operators
for the spin-two tensor representations relevant to the

present work, the operator Q2ð≡Qð1Þ
2 Þ commutes with

the action of the group generators and, as a consequence,
it is constant in the corresponding UIR. Hence, the UIR’s
can be classified by considering the eigenvalues of Q2, i.e.
hQ2i, as

ðQ2 − hQ2iÞKtðxÞ ¼ 0: ð26Þ

According to the Takahashi and Dixmier’s notation [21,22],
the eigenvalues of the Casimir operator are classified under
the following series representations (for a detailed discus-
sion about the relevant representations, one can refer
to [27]):

(i) Principal series representations ðU2;νÞ, also called
“massive” representations [12,13],

hQ2i ¼ ν2 −
15

4
; ν ∈ R: ð27Þ

This series of UIR’s admits a massive Poincaré
group UIR in the limit H ¼ 0.

(ii) Complementary series representations ðV2;μÞ,

hQ2i ¼ μ − 4; μ ∈ R; 0 < μ <
1

4
: ð28Þ

(iii) Discrete series representations ðΠ�
2;qÞ, also called the

“massless” representations [12,13],
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hQ2i ¼ −6 − ðqþ 1Þðq − 2Þ; q ¼ 1; 2: ð29Þ

For the discrete series, considering the parameter q ¼ 1

(hQ2i ¼ −4), results in the representation Π�
2;1, which does

not have a corresponding counterpart in the Minkowskian
limit. The second value, q ¼ 2 (hQ2i ¼ −6), results in the
representation Π�

2;2. They are precisely the unique exten-
sions of the massless Poincaré group representations with
helicity �2.
Now, comparing the field equation (24) with (26) reveals

that the traceless part of the solution of (24) transforms
under indecomposable representations (as opposed to
irreducible representations) of the dS group. More pre-
cisely, the physical states are related to a subspace specified
by the divergencelessness condition imposed on the field
operator, while the field operator must be built on a larger
gauge dependent space which is defined with the associated
indecomposable representation of the de Sitter group. The
physical states correspond to the UIR’sΠ�

2;2. It is the central
part of the indecomposable representation (for a detailed
discussion, see the next section).
Indeed, respecting the dS physical representations,

massive elementary systems are associated with unitary
irreducible representations of the dS kinematic group [27].
While, massless elementary systems are connected to the
indecomposable representations of this group [18,34]. As
usual they display gauge invariance and conformal invari-
ance properties. Thereby, quantizing the massless tensor
fields necessitates the fixing of the gauge. On curved
backgrounds, however, finding the optimal value of c is
a nontrivial question. Respecting the physical representa-
tions of the de Sitter group, it has been claimed that the
specific choice c ¼ 2=ð2sþ 1Þ (s is the angular momen-
tum, spin, of the field) restricts the space of solutions to the
minimal content of any massless invariant theory [26,35].
More precisely, any other choice of c introduces logarith-
mic singularities, which implies reverberation inside the
light cone [34]. In this regard, the massless vector field in a
de Sitter universe has been investigate in Ref. [18]. It is
shown that c ¼ 0, in contrast to the Minkowskian limit
(Feynman gauge), is not the minimal (or optimal) choice. It
actually yields logarithmic divergent terms in the vector
field expression. Consistently with the general formula
c ¼ 2=ð2sþ 1Þ, it is proved that the minimal choice
is c ¼ 2

3
.

According to the above statements, in the case of the
massless spin-two fields, it is expected that the optimal
choice, for which the logarithmic contribution disappears,
is c ¼ 2

5
. Nevertheless, in Sec. IV we explicitly prove that

by applying an extra condition, ∂̄ · K ¼ 0 (see Eq. (40) and
its following identities), no logarithmic divergence appears
in the field equation. Therefore, the gauge-fixing parameter
does not need to be fixed to 2=5. (In order to derive the

identities listed in Appendix B, this condition is required.
Actually Eq. (48) is calculated through this very condition.)
Here, we should emphasize that our result is not in
contradiction with the representations of the dS group.
In our work, applying the aforementioned condition con-
tracts the space of solutions without losing the minimal
requirements for the solutions. The gauge-fixing parameter,
however, must be set to 2=5 when the solution space is
intact to remove the logarithmic singular terms. By relaxing
this condition, the solving procedure is more complicated.
It is expected that it yields c ¼ 2

5
[34].

Pursuing our calculations, through relaxing the gauge-
fixing parameter c (it does not need to be fixed to 2=5),
provides a nontrivial remarkable advantage for the theory,
especially, when the pure-trace part (conformal sector) of
the field is taken into account. It will be discussed in
Sec. VII.

III. THE GUPTA-BLEULER TRIPLET

In this section, considering the graviton field equa-
tion (24) constrained with the tracelessness condition
K0 ¼ 0, the Gupta-Bleuler triplet Vg ⊂ V ⊂ Vc carrying
the indecomposable structure of the related dS UIRs is
introduced. In this regard, we consider Vc as the space of all
square integrable solutions of the field equation, respecting
the following dS-invariant (indefinite) inner product [34],

ðKt
1;K

t
2Þ ¼

i
H2

Z
S3;ρ¼0

½ðKt
1Þ� · ·∂ρKt

2

− 2cð∂ρx · ðKt
1Þ� · ·ð∂ ·Kt

2Þ − ð1� ⇋ 2Þ�dΩ;
ð30Þ

where Kt
1 and Kt

2 are two different modes on the solutions
space, and “··” is a shortened notation for total contraction.
Here, the system of bounded global intrinsic coordinates
(Xμ, μ ¼ 0, 1, 2, 3), well suited to characterize a de Sitter
compactified version (i.e. S3 × S1), is used

8>>>>>><
>>>>>>:

x0 ¼ H−1 tan ρ;

x1 ¼ ðH cos ρÞ−1ðsin α sin θ cosφÞ;
x2 ¼ ðH cos ρÞ−1ðsin α sin θ sinφÞ;
x3 ¼ ðH cos ρÞ−1ðsin α cos θÞ;
x4 ¼ ðH cos ρÞ−1ðcos αÞ;

ð31Þ

where −π=2 < ρ < π=2, 0 ≤ α ≤ π, 0 ≤ θ ≤ π and
0 ≤ φ < 2π.
The physical states verify the divergencelessness con-

dition and belong to an invariant subspace of the solutions,
the space V, for which the inner product is [34]

COVARIANT AND INFRARED-FREE GRAVITON TWO- … PHYSICAL REVIEW D 93, 044016 (2016)

044016-5



ðKt
1;K

t
2Þ ¼

i
H2

Z
S3;ρ¼0

½ðKt
1Þ� · ·∂ρKt

2

−Kt
2 · ·∂ρðKt

1Þ��dΩ: ð32Þ

Contrary to Vc, it is obviously c (gauge) independent. The
space of gauge solutions, Kg ¼ D2Λg, is denoted by an
invariant subspace Vg of V. These are orthogonal to every
element in V including themselves. The inner product is
semidefinite in V and is positive definite in the quotient
space V=Vg. The dS group acts on V=Vg through the
massless, helicity �2 unitary representation Πþ

2;2 ⊕ Π−
2;2. It

is indeed the physical states space. Here, we must underline
that all three of these spaces carry representations of the dS
group, but V and Vg are not invariantly complemented.
Now, the gauge state space Vg, the vector states ∂2 ·Kt

belonging to Vc=V, and the physical states space V=Vg

should be characterized.

A. The gauge states space

Considering Kg ¼ D2Λg and Eqs. (18), the field equa-
tion (24) reduces to (constrained with the tracelessness
condition K0 ¼ 0)

ð1 − cÞD2ðQ1 þ 6ÞΛg ¼ 0: ð33Þ

Therefore, we have
(i) For c ¼ 1, the vector field Λg is unrestricted and

bears merely the differentiability conditions. Then
the gauge states is determined by D2Λg.

(ii) For c ≠ 1, it is clear that the space of solutions of
(33), possessing the divergencelessness (∂ · Λg ¼ 0)
and transversality (x · Λg ¼ 0) conditions, carries a
vector representation [18,28]. This vector field can
be written as [28]

Λg ¼ Z̄ϕ1 þD1ϕ2: ð34Þ

where Z is a constant five-vector field, and

ðQ0 þ 4Þϕ1 ¼ 0;

ϕ2 ¼ −
1

6
ð2H2x · Zϕ1 þ Z · ∂̄ϕ1Þ:

ϕ1 is demonstrated by the scalar representation of
the dS group [14].

B. The vector states space

The vector states ∂2 ·Kt are characterized by

∂2 · ððQ2 þ 6ÞKtðxÞ þ cD2∂2 ·KtÞ ¼ 0; ð35Þ

respecting the identities given in Eqs. (18) and
∂2·Q2Kt ¼ Q1∂ ·Kt, so one can easily obtain

ð1 − cÞðQ1 þ 6Þ∂2 ·Kt ¼ 0: ð36Þ

Thus, we have
(i) For c ¼ 1, it has no restriction with the exception of

differentiability conditions.
(ii) For c ≠ 1, it corresponds to a vector field similar to

the gauge states.

C. The physical states space

The physical states space, which is c independent, is
given by imposing the divergenceless condition on Eq. (24)
as follows:

ðQ2 þ 6ÞKt ¼ 0: ð37Þ

In the next section, the general solution of the field
equation (24) will be calculated in terms of a projection
tensor field and the minimally coupled massless scalar
field.

IV. THE FIELD SOLUTION (THE SPIN-TWO
SECTOR)

In the dS ambient formalism, the most general trans-
verse, symmetric field Kαβ can be written in the following
form [26]

K ¼ θϕ1 þ SZ̄1K þD2Kg; ð38Þ

in which ϕ1 is a scalar field, K and Kg are two transverse
vector fields (x · K ¼ 0 ¼ x · Kg), Z1ð¼ Z1αÞ is a five-

dimensional constant vector (Z̄1α ¼ θαβZ
β
1). Imposing the

traceless condition on (38) yields

K0 ¼ 2ϕ1 þ Z1 · K þH−2∂̄ · Kg ¼ 0: ð39Þ

Then, by substituting Kαβ in (24), we have

8>>>>>>>>>>><
>>>>>>>>>>>:

ðQ0 þ 6Þϕ1 ¼ −4Z1:K; ðIÞ
ðQ1 þ 2ÞK þ cD1∂ · K ¼ 0; ðIIÞ
ðQ1 þ 6ÞKg ¼ c

2ðc−1ÞH
2D1ϕ1

þ 2−5c
1−c H

2x · Z1K

þ c
1−c ðH2xZ1 · K

− Z1 · ∂̄KÞ; ðIIIÞ

ð40Þ

Imposing an extra condition ∂̄ · K ¼ 0,3 Eq. (40-II) reduces
to ðQ1 þ 2ÞK ¼ Q0K ¼ 0, and using Eq. (40-I), we obtain

ϕ1 ¼ −
2

3
Z1:K; Q0ϕ1 ¼ 0: ð41Þ

3Note that, for transverse tensors like K, ∂ · K ¼ ∂̄ · K.
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Considering Eqs. (39) and (41) then leads to

∂̄ · Kg ¼
1

3
H2Z1 · K: ð42Þ

The general solution of (40-II) would be [26]

K ¼ Z̄2ϕ2 þD1ϕ3; ð43Þ

in which ϕ2 and ϕ3 are two scalar fields, and Z2 is another
five-dimensional constant vector. Substituting K into
(40-II) results in

Q0ϕ2 ¼ 0: ð44Þ

Therefore, the scalar field ϕ2 is a “massless” minimally
coupled scalar field. With regard to the divergenceless
condition (∂̄ · K ¼ 0), one can then obtain

ϕ3 ¼ −
1

2
½Z2:∂̄ϕ2 þ 2H2x:Z2ϕ2�: ð45Þ

So, the vector field K can be written as

K ¼ Z̄2ϕ2 −
1

2
D1½Z2 · ∂̄ϕ2 þ 2H2x · Z2ϕ2�; ð46Þ

and consequently

ϕ1 ¼ −
2

3
Z1 ·

�
Z̄2ϕ2 −

1

2
D1½Z2 · ∂̄ϕ2 þ 2H2x · Z2ϕ2�

�
:

ð47Þ

The vector field Kg, respecting (40-III), after simple
calculations (see Appendix B) can be written as

Kg ¼
c

6ð1 − cÞ
�
2þ c
9c

H2D1ðZ1 · KÞ

þH2xðZ1 · KÞ − ðZ1 · ∂̄ÞK
þ 2 − 5c

c
H2ðx · Z1ÞK

�
þ Λg; c ≠ 1: ð48Þ

Interestingly, we have x · Kg ¼ 0, ∂̄ · Kg ¼ 1
3
H2Z1 · K,

which verify Eq. (39). Note that Λg is a vector field:

ðQ1 þ 6ÞΛg ¼ 0; x · Λg ¼ 0; ∂̄ · Λg ¼ 0:

Actually, it is the gauge solution characterized in the
previous section.
Accordingly, using Eqs. (46), (47), and (48), the tensor

field Kt can be written in the following form,

Kt
αβðxÞ ¼ Dαβðx; ∂; Z1; Z2Þϕ2; ð49Þ

where D is the projector tensor (c ≠ 1):

Dðx; ∂; Z1; Z2Þ

¼
�
−
2

3
θZ1 ·þSZ̄1 þ

c
6ð1 − cÞD2

�
2þ c
9c

H2D1ðZ1·Þ

þH2xðZ1·Þ − ðZ1 · ∂̄Þ þ 2 − 5c
c

H2ðx · Z1Þ
��

×

�
Z̄2 −

1

2
D1½ðZ2 · ∂̄Þ þ 2H2ðx · Z2Þ�

�
: ð50Þ

A. Plane wave method

An axiomatic field theory in dS space based on analy-
ticity in the complexified Riemannian manifold has been
developed by Bros, Gazeau, and Moschella through the
extension of the Fourier-Helgason transformation in dS
space (see [36,37] and references therein). They found
coordinate-independent plane waves in dS space which are
eigenfunctions of the Laplace-Beltrami operator relative to
the geometry of the curved space and play the role of the
plane waves in Minkowski space.
Here, by exploiting the plane wave formalism, we explic-

itly show that applying the extra condition, ∂̄ · K ¼ 0,
automatically removes the logarithmic divergence terms
from the equations.
In the form of the dS plane wave, ϕ2 ≡ ϕ, the “massless”

minimally coupled scalar field is given by [36,37]

ϕ ¼ ðHx · ξÞσ; σ ¼ 0;−3; ð51Þ

where this 5-vector ξ lies on the positive null
cone Cþ ¼ fξ ∈ ℜ5; ξ2 ¼ 0; ξ0 > 0g.
In this respect, it is the work of a few lines to write

Eq. (49) in the following form (see Appendix C):

Kt
αβðxÞ ¼ Eαβðx; ξ; Z1; Z2ÞðHx · ξÞσ; σ ¼ 0;−3;

in which (c ≠ 1),

Eαβ ¼ S½E1ðc; σÞZ̄1αZ̄2β þ E2ðc; σÞZ̄1αξ̄β

þ E3ðc; σÞZ̄2αξ̄β þ E4ðc; σÞξ̄αξ̄β þ E5ðc; σÞθαβ�;
ð52Þ

where
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E1ðc;σÞ¼−
σ

2
þ σc
12ðc−1Þ

�
2ðσþ3Þ2þc

9c
þ2−5c

c
−ð2σþ3Þ

�
;

E2ðc;σÞ¼
�
−
1

2
σðσþ2Þþ σc

12ðc−1Þ
�
2σðσþ3Þ2þc

9c
þðσþ2Þ2−5c

c
−σð2σþ5Þ

��
x ·Z2

x ·ξ
;

E3ðc;σÞ¼
σc

6ðc−1Þ
�
σðσþ3Þ2þc

9c
þðσþ2Þ2−5c

c
−σðσþ1Þ

�
x ·Z1

x ·ξ
;

E4ðc;σÞ¼
σðσ−1Þc
12ðc−1Þ

�
H−2

�
σ
2þc
9c

−2−σ

�
Z1 ·Z2

ðx ·ξÞ2þ
�
σðσþ3Þ2þc

9c
þðσþ2Þ2−5c

c
−σðσþ2Þ

�ðx ·Z1Þðx ·Z2Þ
ðx ·ξÞ2

�
;

E5ðc;σÞ¼
σ

6

��
1þ c

2ðc−1Þ
�
σ
2þc
9c

−σ−2

��
Z1 ·Z2þðσþ3Þ

�
1þ 1

9ðc−1Þð11−26cþσ−4cσÞH2ðx ·Z1Þðx ·Z2Þ
��

:

One can also easily show

ðKtÞ0 ¼ σðσ þ 3Þ
27ðc − 1Þ ½E

0
1ðc; σÞðZ1 · Z2Þ

þE0
2ðc; σÞH2ðx · Z1Þðx · Z2Þ�ϕ; ð53Þ

where

E0
1ðc; σÞ ¼ 2þ σ − 4cσ − 17c;

E0
2ðc; σÞ ¼ 46 − 121cþ 2ð8 − 23cÞσ þ ð1 − 4cÞσ2:

In our case, σ ¼ 0;−3, we have ðKtÞ0 ¼ 0.
Obviously, by putting σ ¼ 0;−3, no logarithmic singular

term appears in the solution. Therefore, the gauge-fixing
parameter c does not need to be fixed to the value of 2=5.
Nonetheless, we must emphasize that the gauge-fixing is an
unavoidable procedure for quantization of the tensor field.
In this regard, see Sec. VII.

V. THE KREIN-GUPTA-BLEULER STRUCTURE
LYING BEHIND THE DS MINIMALLY COUPLED

MASSLESS FIELD

In the previous section, we showed that on a dS back-
ground, the traceless part (the spin-two sector) of tensor
field K can be written in terms of the massless minimally
coupled scalar field. Covariant quantization of this field,
therefore, would be interestingly important in building the
dS quantum linear gravity. Here, we review the Krein-
Gupta-Bleuler formalism proposed in [14,15] which yields
a fully covariant quantization of the massless minimally
coupled scalar field.
Through extensive investigations of the quantization of

this field [3,4,38–41], it turns out that in obtaining a
covariant construction of the propagator function for the
field, one encounters the difficulty that the Laplace-
Beltrami operator □H has a normalizable zero-frequency
mode (more precisely a constant mode) on the Euclidean
continuation of dS, S4. As a result, no dS-invariant
propagator inverse for the wave operator □H exists.

Indeed, the infrared divergence appears. It should be
mentioned that this result is not an artifact of the
Euclidean continuation since it has been shown by Allen
[3] that there exists no Hilbertian–de Sitter covariant Fock
vacuum for the massless minimally coupled field. To have a
deeper insight into this difficulty, we notice that the
zero-frequency mode has a positive norm, but it is not
part of the Hilbertian structure of the one-particle sector.
Indeed, regarding the conformal time, all the negative
frequency solutions of the field equation are generated
by applying the de Sitter group action on this mode.
Consequently, the Hilbertian Fock space (built of any
complete set of modes including the zero mode;
Hþ ¼ fPk≥0αkϕk;

P
k≥0jαkj2 < ∞g, ϕk is defined in

[14]) is not de Sitter–invariant or, more precisely, is not
closed under the de Sitter group action. Actually, the critical
point about the minimally coupled field is originated in the
nonexistence of a covariant decomposition, Hþ ⊕ H−,

4

(none of Hþ and H− carry a dS group representation).
Note that there exists such a decomposition for the massive
scalar field case, in which the usual space of physical states
is Hþ verifying H�þ ¼ H− [14,15].
Interestingly, there is a profound analogy between

this difficulty and the quantum electrodynamic case.
Considering a constant function λ, there exists a gaugelike
global transformation for the Lagrangian,

L ¼
ffiffiffiffiffi
jgj

p ∂μϕ∂μϕ;

of the free field. It is invariant under ϕ → ϕþ λ. So, it
would not be surprising if a generalization of the Gupta-
Bleuler procedure would serve identically for this situation.
Indeed, the representation structure of the minimally
coupled scalar field requires another Gupta-Bleuler type
of triplet [not the one proposed in Sec. III to deal with the
gauge invariance of the Eq. (24)], where the gauge states
are the constant functions [14,15]. An appropriate

4H− is the corresponding anti-Hilbert space, a space with
definite negative inner product.
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adaptation (Krein spaces) of the Wightman-Gärding axio-
matic for massless fields (Gupta-Bleuler scheme) [42]
fulfils this requirement, so that, the space of gauge states
is simply materialized as the space of constant functionsN
in the “one-particle sector” of the field which plays the role
of Vg (see Sec. III). While, the physical one-particle space,
called M, is a space of positive frequency solutions of the
field equation where the Klein-Gordon inner product is
positive but degenerate. Note that, the covariance of the
field would be broken by exploiting the canonical quan-
tization structured into a degenerate space of solutions.
Accordingly, one must construct a larger space H, called
the total space, which is a nondegenerate invariant space of
solutions and admits M as an invariant subspace. These
spaces are ingredients of the Krein-Gupta-Bleuler triplet
N ⊂ M ⊂ H; it is proved that H is a Krein space, i.e.
H ¼ Hþ ⊕ H− [14,15].
As usual in a Gupta-Bleuler model, the quantum field is

written rigorously as an operator-valued distribution on a
Fock space built on H, in which the Klein-Gordon inner
product is nondegenerate, but not positively definite.
Because of the appearance of the negative norm states,
however, the total space H cannot be considered as the
physical states space. Therefore, in order to have a
reasonable interpretation of the theory guaranteed, the
selection of the subspace of physical states is required.
In stationary spacetimes (Minkowski) case, there exists a
Killing vector field X which is timelike at each point, and
therefore one can define a Hamiltonian for the quantization
space: iX. Accordingly, by admitting a positive spectrum
for the Hamiltonian, the physical states space is deter-
mined. This procedure for dS spacetime which is not
stationary, and so there is no timelike Killing vector for
it, can be performed by demanding that the physical states
be positive frequencies regarding the conformal time on dS
spacetime. It has been shown that the quotient space
M=N , a Hilbert space carrying the UIR of the de Sitter
group, characterizes the set of physical states sensu stricto.
It turns out that the theory which has been resulted through
this procedure has all the properties one might require from
a free field on a spacetime with high symmetry [14,15].
It is proved that the above construction provides a causal

and fully covariant quantum field of the dS minimally
coupled massless scalar field which is also free of infrared
divergence [14,15]. We must underline that, here, there is no
contradiction with Allen’s theorem cited above; our consid-
ered field is constructed over a non-Hilbertian Fock space.
More accurately, the one-particle sector M itself is not a
Hilbert space (the inner product is positive but degenerate).
Technically asmentioned, through theKrein construction,

the field acts on a states space of the Fock space structure but
including both positive and negative norm states

ϕðxÞ ¼ 1ffiffiffi
2

p ½ϕþðxÞ þ ϕ−ðxÞ�; ð54Þ

in which

ϕþðxÞ ¼
X
k≥0

ðakϕkðxÞ þ a†kϕ
�
kðxÞÞ;

ϕ−ðxÞ ¼
X
k≥0

ðb†kϕkðxÞ þ bkϕ�
kðxÞÞ: ð55Þ

Here, thepositivemodeϕþðxÞ is the scalar field thatwas used
by Allen [3,4]. A significant difference between this canoni-
cal quantization approach and the standard QFT, which is
based on canonical commutation relations, lies in the
requirement of the following commutation relations,

½ak; a†k0 � ¼ δkk0 ; ½bk; b†k0 � ¼ −δkk0 : ð56Þ

The other commutation relations are zero.
The (Krein-)Fock vacuum, jΩi, is specified by

akjΩi ¼ 0; bkjΩi ¼ 0: ð57Þ

It is invariant under the dS group action [14]. More
accurately, in the Krein context, the Fock vacuum is unique
and normalizable. It is independent of the Bogolubov
transformations [14]. This does not, however, concern us
since in this construction not only is the vacuum different
but so is the field itself. The point is indeed within the
concept of how to determine an observable in the
Gupta-Bleuler formalism. Actually, defining observables
is performed through the feature that they do not “see”
the gauge states. As a result, the field itself is not an
observable (it is gauge dependent). Nevertheless, regarding
the fact that μ refers to global coordinates, the physically
interesting observables (e.g. the energy-momentum tensor)
can be built using operators ∂μ on the total space [15].
While, as usual in a Gupta-Bleuler construction, the
average values of observables will be evaluated only with
physical states,

j~ki≡ jkn11 …knll i ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n1!…nl!
p ða†k1Þn1…ða†klÞnl jΩi;

which are in fact the elements of M=N .
In this construction, therefore, the fact that ϕ is not an

observable implies that the different two-point functions,
like Wightman or Hadamard functions,

hΩjϕðxÞϕðx0ÞjΩi; hΩjϕðxÞϕðx0Þ þ ϕðx0ÞϕðxÞjΩi;

are gauge dependent. As an example, the symmetric two-
point function (Hadamard function) is not expected to have
great meaning in our construction, and a straightforward
computation indeed shows that it vanishes. The crucial
point is that any definition a priori of such a function
cannot yield a covariant theory; there exists no nontrivial
covariant two-point function of the positive type for the
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minimally coupled quantum field on de Sitter spacetime
[3,4,41]. Therefore, this result is nothing but another
formulation of Allen’s theorem cited above. Indeed, the
only two-point function which naturally appears is the
commutator, but it is not of the positive type, and it does not
allow us to select physical states [14,15]. In addition, one
should pay attention that in this construction, the link
between the vacuum and the two-point function is not the
same as the standard QFT. The standard classification of
vacua is based on two-point functions, and the Krein
vacuum does not fit this classification. In this context,
the vacuum is unique and does not characterize the physical
space of states.
Here, we must underline that the invariance of the Fock

vacuum does not imply that the Bogolioubov transforma-
tions, which merely modify the set of physical states, are no
longer valid in this quantization method. Admittedly, not
only the selected spacetime but also the observer affect the
space of physical states; an accelerated observer in
Minkowski space has a different set of the physical states
from those of an inertial observer (Unruh effect), while
both observers have the same field representation. Indeed,
in this context, “instead of having a multiplicity of
vacua, we have several possibilities for the space of
physical states and only one field and one vacuum which
are independent of Bogolubov transformations. More
precisely, the usual ambiguity about vacua is not sup-
pressed but displaced” [43].
A direct consequence of this construction is an automatic

covariant renormalization of the energy-momentum tensor.
Actually, a trivial computation of the mean values of the
components of the energy-momentum tensor reveals that

jhkn11 …knll jTμνjkn11 …knll ij < ∞;

and in spite of the presence of negative norm modes in the
theory, no negative energy can be measured for any
physical state,

hkn11 …knll jT00jkn11 …knll i ≥ 0:

This quantity vanishes if and only if j~ki ¼ jΩi.
Interestingly, it is proved that this renormalizing procedure
completely fulfils the so-called Wald axioms [14].
Moreover, it is worth mentioning that due to the vanishing
of the vacuum expectation value of the energy-momentum
tensor hΩjTμνjΩi ¼ 0, the so-called conformal anomaly
disappears from the trace of the energy-momentum tensor,
while, all other renormalization methods present this
anomaly. So, from this perspective, it seems that we face
a very different renormalization scheme. However it is not
very surprising, since our construction preserves covariance
and conformally covariance in a rather strong sense [15].
As a result, the model does not exhibit the trace anomaly

which, after all, can appear only by breaking the conformal
invariance.
The behavior of the method in Minkowski spacetime,

especially when interaction is present, has also been
investigated in Ref. [43]. In this regard, it is proved that
thanks to the condition that preserves the unitarity of the
theory (see Appendix D), the method is capable of
retrieving the results of (Hilbert space) QFT’s counterpart
with the exception that the free-field vacuum energy
vanishes, without any reordering nor regularization.
Moreover, the Krein space quantization approach to

Hawking radiation has been investigated in Ref. [44]. It
is well known that the study of quantum field theories on a
gravitational background culminates in the celebrated
Hawking prediction of black hole evaporation [45].
Actually, Hawking radiation is of great significance since
it unites gravitational physics near strong gravitational
objects like black holes and quantum field theory.
Therefore, it can be considered a milestone of modern
theoretical physics which provides a test bed for candidate
theories of Quantum Gravity. Accordingly, any consistent
quantum field theoretical approach to gravity must include
Hawking radiation. In this respect, in Ref. [44], by
proposing a model to simulate schwarzschild black holes,
it is shown that by utilizing the Krein space quantization
one obtains the very result for Hawking radiation. In this
regard, see also [46].
In the following section, respecting the above capabil-

ities, the Krein-Gupta-Bleuler construction is considered to
calculate the two-point function of the spin-two part of the
linear quantum gravity in dS space.

VI. THE TWO-POINT FUNCTION
(THE SPIN-TWO SECTOR)

The associated Wightman two-point function for the
spin-two part of the linear quantum gravity in dS space is
dealt with in this section. In this regard, the two-
point function is written in terms of bitensors (these are
functions of two points ðx; x0Þ and at each point behave
like tensors under coordinate transformations [47]). If
bitensors preserve the dS invariance, we call them max-
imally symmetric. Bitensor Wightman two-point functions
are the cornerstone of the dS axiomatic field theory
construction [37].
On this basis, the two-point function is delivered by

Wt
αβα0β0 ðx; x0Þ ¼ hΩjKt

αβðxÞKt
α0β0 ðx0ÞjΩi;

α; β ¼ 0; 1; 2; 3; 4: ð58Þ

where x, x0 ∈ XH and jΩi is the (Krein-)Fock-vacuum
state. The two-point function must verify the field equa-
tion (24), with regard to x and x0 (without any difference),
and the following physical requirements as well;
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(i) Indefinite sesquilinear form
For any test function fαβ ∈ DðXHÞ, an indefinite

sesquilinear form is defined by

Z
XH×XH

f�αβðxÞWt
αβα0β0 ðx; x0Þfα

0β0 ðx0ÞdσðxÞdσðx0Þ;

ð59Þ

in which f� is the complex conjugate of f and dσðxÞ
determines the de Sitter–invariant measure on XH.
DðXHÞ is the space of functions C∞ with compact
support in XH.

(ii) Locality
For every spacelike separated pair ðx; x0Þ, i.e.

x · x0 > −H−2,

Wt
αβα0β0 ðx; x0Þ ¼ Wt

α0β0αβðx0; xÞ: ð60Þ

(iii) Covariance

ðg−1Þγαðg−1ÞδβWt
γδγ0δ0 ðgx; gx0Þgγ

0
α0g

δ0
β0 ¼ Wt

αβα0β0 ðx; x0Þ;
ð61Þ

for all g ∈ SO0ð1; 4Þ.
(iv) Index symmetrizer

Wt
αβα0β0 ðx; x0Þ ¼ Wt

βαβ0α0 ðx; x0Þ: ð62Þ

(v) Transversality

xαWt
αβα0β0 ðx; x0Þ ¼ 0 ¼ x0α0Wt

αβα0β0 ðx; x0Þ: ð63Þ

(vi) Tracelessness

ðWtÞααα0β0 ðx; x0Þ ¼ 0 ¼ ðWtÞαβα0α0 ðx; x0Þ: ð64Þ

In this respect, by considering Eqs. (38) and (58), the
most general dS-invariant form for a transverse two-point
function can be written as

Wtðx; x0Þ ¼ θθ0W0ðx; x0Þ þ SS0θ · θ0W1ðx; x0Þ
þD2D0

2Wgðx; x0Þ; ð65Þ

whereW1 andWg are transverse bi-vectors,W0 is bi-scalar
and D2D0

2 ¼ D0
2D2.

With regard to the above considerations, we choose
x to start investigation. The two-point function (65)

must satisfy Eq. (24), in this respect, it could be easily
shown5

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ðQ0 þ 6Þθ0W0 ¼ −4S0θ0 ·W1; ðIÞ
ðQ1 þ 2ÞW1 ¼ 0; ðIIÞ
ðQ1 þ 6ÞD0

2Wg ¼ c
2ðc−1ÞH

2D1θ
0W0

þH2S0
�
2−5c
1−c ðx · θ0Þ

þ c
1−c ðD1θ

0 · −xθ0·

−H−2θ0 · ∂̄Þ
�
W1: ðIIIÞ

ð66Þ

where the condition ∂ ·W1 ¼ 0, is applied. Considering
Eqs. (66-I) and (66-II), it yields

θ0W0ðx; x0Þ ¼ −
2

3
S0θ0 ·W1ðx; x0Þ: ð67Þ

The bi-vector two-point functionW1, which is the solution
of Eq. (66-II), can be written as

W1 ¼ θ · θ0W2 þD1D0
1W3:

whereW2 andW3 are bi-scalar two-point functions, so that

D0
1W3 ¼ −

1

2
½2H2ðx · θ0ÞW2 þ θ0 · ∂̄W2�;

Q0W2 ¼ 0:

Therefore,W2 ≡Wmc is a massless minimally coupled bi-
scalar two-point function. With regard to the above
identities, the bi-vector two-point function would be

W1ðx; x0Þ ¼
�
θ · θ0 −

1

2
D1½θ0 · ∂̄ þ 2H2x · θ0�

�
Wmcðx; x0Þ:

ð68Þ

Pursuing a similar procedure utilized in Appendix B, one
obtains

ðQ1 þ 6Þxθ0 ·W1 ¼ 6xθ0 ·W1;

ðQ1 þ 6ÞD1θ
0 ·W1 ¼ 6D1θ

0 ·W1;

ðQ1 þ 6Þθ0 · ∂̄W1 ¼ 6θ0 · ∂̄W1 þ 2H2D1ðθ0 ·W1Þ;

ðQ1 þ 6Þ−1ðx · θ0ÞW1 ¼
1

6

�
1

9
D1ðθ0 ·W1Þ þ ðx · θ0ÞW1

�
:

5Note that, the primed operators act on the primed coordinate
only and vise versa.
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Using the aforementioned identities along with Eqs. (66-III) and (67), we obtain

D0
2Wgðx; x0Þ ¼

cH2

6ð1 − cÞS
0
�
2þ c
9c

D1θ
0 ·W1 þ

2 − 5c
c

x · θ0W1 þ xθ0 ·W1 −H−2θ0 · ∂̄W1

�
; c ≠ 1: ð69Þ

Correspondingly, the two-point function (65) would be

Wt
αβα0β0 ðx; x0Þ ¼ Δαβα0β0 ðx; x0ÞWmcðx; x0Þ; ð70Þ

where (c ≠ 1)

Δðx; x0Þ ¼ −
2

3
S0θθ0 ·

�
θ · θ0 −

1

2
D1½θ0 · ∂̄ þ 2H2x · θ0�

�
þ SS0θ · θ0

�
θ · θ0 −

1

2
D1½θ0 · ∂̄ þ 2H2x · θ0�

�

þ cH2

6ð1 − cÞS
0D2

�
2þ c
9c

D1θ
0 ·þ 2 − 5c

c
x · θ0 þ xθ0 · −H−2θ0 · ∂̄

��
θ · θ0 −

1

2
D1½θ0 · ∂̄ þ 2H2x · θ0�

�
: ð71Þ

On the other hand, the two-point function (65) must verify Eq. (24) with regard to x0. So, pursuing the same procedure,
we have

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ðQ0
0 þ 6ÞθW0 ¼ −4Sθ ·W1; ðIÞ

ðQ0
1 þ 2ÞW1 ¼ 0; ðIIÞ

ðQ0
1 þ 6ÞD2Wg ¼ c

2ðc−1ÞH
2D0

1θW0

þH2S
�
2−5c
1−c ðx0 · θÞ

þ c
1−c ðD0

1θ · −x0θ·

−H−2θ · ∂̄ 0Þ
�
W1: ðIIIÞ

here, the condition ∂ 0 ·W1 ¼ 0 is implemented. In this case, we have

θW0ðx; x0Þ ¼ −
2

3
Sθ ·W1ðx; x0Þ; ð72Þ

W1ðx; x0Þ ¼
�
θ · θ0 −

1

2
D0

1½θ · ∂̄ 0 þ 2H2x0 · θ�
�
Wmcðx; x0Þ; ð73Þ

D2Wgðx; x0Þ ¼
cH2

6ð1 − cÞS
�
2þ c
9c

D0
1θ ·W1 þ

2 − 5c
c

x0 · θW1 þ x0θ ·W1 −H−2θ · ∂̄ 0W1

�
; c ≠ 1: ð74Þ

Utilizing Eqs. (72)–(74) it turns out that the bitensor two-point function can be written in the following form

Wt
αβα0β0 ðx; x0Þ ¼ Δ0

αβα0β0 ðx; x0ÞWmcðx; x0Þ; ð75Þ

where (c ≠ 1)

Δ0ðx; x0Þ ¼ −
2

3
S0θ0θ ·

�
θ0 · θ −

1

2
D0

1½θ · ∂̄ 0 þ 2H2x0 · θ�
�
þ SS0θ0 · θ

�
θ0 · θ −

1

2
D0

1½θ · ∂̄ 0 þ 2H2x0 · θ�
�

þ cH2

6ð1 − cÞSD
0
2

�
2þ c
9c

D0
1θ ·þ

2 − 5c
c

x0 · θ þ x0θ · −H−2θ · ∂̄ 0
��

θ0 · θ −
1

2
D0

1½θ · ∂̄ 0 þ 2H2x0 · θ�
�
: ð76Þ
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In summary, thus far by using an ansatz analogous to the
one used for calculating the field solutions, we have shown
that the spin-two part of the graviton two-point function can
be written in terms of the scalar massless minimally
coupled two-point function Wmc. As already discussed
in Sec. V, to obtain a de Sitter fully covariant construction
for the minimally couple massless scalar field, the Krein-
Gupta-Bleuler quantization formalism should be in order;
there is no nontrivial covariant two-point function of
positive type [3,4], and the only two-point function which
naturally appears is the commutator, but it is not of positive
type [14,15]. In this respect, if one requires the function
Wmc to be de Sitter–invariant (and ignores its analyticity

properties for the time being [41]), it will only depend on
the invariant length Z ≡ −H2x · x0;Wmc ¼ WmcðZÞ. Note
that, Zðx; x0Þ is an invariant object under the isometry
group Oð1; 4Þ and hence any function of Z is dS invariant
as well. Accordingly, the equation Q0WmcðZÞ ¼ 0
becomes the ordinary differential equation [see (A16)]

�
ð1 − Z2Þ d2

dZ2
− 4Z

d
dZ

�
WmcðZÞ ¼ 0: ð77Þ

Now, considering that Wmc is only a function of
Zðx; x0Þ, we can use the identities given in Appendix A
to obtain the following expressions:

θ0α0β0W0ðx; x0Þ ¼
1

3
S0
�
θ0α0β0 þ

4

1 − Z2
H2ðx · θ0α0 Þðx · θ0β0 Þ

�
Z

d
dZ

WmcðZÞ; ð78Þ

W1ββ0 ðx; x0Þ ¼
1

2

�
3þ Z2

1 − Z2
H2ðx0 · θβÞðx · θ0β0 Þ − Zðθβ · θ0β0 Þ

�
d
dZ

WmcðZÞ; ð79Þ

D2αD0
2α0Wgββ0 ðx; x0Þ

¼ −
H2

54ð1 − cÞð1 − Z2Þ2 SS
0
�
H−2Zð1 − Z2Þð1 − 13cþ 3ð1 − cÞZ2Þθαβθ0α0β0

þH−2Zð1 − Z2Þð17 − 41c − 9ð1 − cÞZ2Þðθα · θ0α0 Þðθβ · θ0β0 Þ þ 24Zð2 − 5c − ð1 − cÞZ2Þθαβðx · θ0α0 Þðx · θ0β0 Þ
þ 12Zð1 − 7cþ ð1 − cÞZ2Þθ0α0β0 ðx0 · θαÞðx0 · θβÞ þ ð−79þ 199cþ ð−62þ 230cÞZ2

þ 45ð1 − cÞZ4Þðθα · θ0α0 Þðx · θ0β0 Þðx0 · θβÞ þ
12ZH2

1 − Z2
ð21 − 57c − 2ð1þ 5cÞZ2

− 3ð1 − cÞZ4Þðx0 · θαÞðx0 · θβÞðx · θ0α0 Þðx · θ0β0 Þ
�

d
dZ

WmcðZÞ: ð80Þ

By substitution of Eqs. (78)–(80) into (65) we obtain the explicit form of the two-point function (actually the Krein two-
point function, which as already discussed, is the commutator) in the ambient formalism as follows6

Wt
αβα0β0 ðx; x0Þ ¼

2Z
27ð1 − cÞð1 − Z2Þ2 SS

0½θαβθ0α0β0f1ðc;ZÞ þ ðθα · θ0α0 Þðθβ · θ0β0 Þf2ðc;ZÞ þH2ðθ0α0β0 ðx0 · θαÞðx0 · θβÞ

þ θαβðx · θ0α0 Þðx · θ0β0 ÞÞf3ðc;ZÞ þH4ððx0 · θαÞðx0 · θβÞðx · θ0α0 Þðx · θ0β0 ÞÞf4ðc;ZÞ

þ ðθα · θ0α0 Þðx · θ0β0 Þðx0 · θβÞf5ðc;ZÞ� d
dZ

WmcðZÞ; ð81Þ

in which

f1ðc;ZÞ ¼ ð1 − Z2Þ½2þ cþ 3ðc − 1ÞZ2�;
f2ðc;ZÞ ¼ ð1 − Z2Þ½17c − 11þ 9ð1 − cÞZ2�;
f3ðc;ZÞ ¼ 3½7c − 1þ ðc − 1ÞZ2�;

f4ðc;ZÞ ¼ −
3

ð1 − Z2Þ ½3ð7 − 19cÞ − 2ð1þ 5cÞZ2 − 3ð1 − cÞZ4�;

f5ðc;ZÞ ¼ 1

Z
½10ð4 − 7cÞ þ ð2 − 44cÞZ2 − 18ð1 − cÞZ4�:

6Note: In these calculations, it is assumed that the two points, x and x0, are not on the light cone of one another so that 1 − Z ≠ 0.
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In addition, respecting the differential equation (77), the
function Wmc (the general solution) would be

WmcðZÞ ¼ C1

�
1

1þ Z
−

1

1 − Z
þ ln

1 − Z
1þ Z

�
þ C2; ð82Þ

where the choice of real constantsC1 andC2 determines the
particular solutions (for instance, if C1 ¼ H2=4π2 then this
has the same short-distance behavior as a massless two-
point function has in flat space). This function presents
problems with locality [41]. However, this does not concern
us since in the two-point function (81), this function enters
only via its derivative,

d
dZ

WmcðZÞ ¼ −4C1

ðZ2 − 1Þ2 ; ð83Þ

which is a local function. Now, by substituting (83) into
(81), one can easily see that the large-distance growth of the
two-point function obviously will not be reflected in the
calculated two-point function (81).

A. The two-point function in the dS intrinsic
space notation

Thus far, the two-point function (81) has been obtained
in the ambient space notation. In order to make comparison
with other works [24,48], one needs to project this two-
point function onto the intrinsic space. It was proved that
any maximally symmetric bitensor could be expanded in
terms of three basic tensors (which form a complete set)
[47]. The coefficients in this expansion are functions of the
geodesic distance σðx; x0Þ and the parallel propagator gμν0,

nμ ¼ ∇μσðx; x0Þ; nμ0 ¼ ∇μ0σðx; x0Þ;
gμν0 ¼ −c−1ðZÞ∇μnν0 þ nμnν0 :

For Z ¼ −H2x · x0, the geodesic distance can be charac-
terized by
�
Z ¼ coshðHσÞ; if x and x0 are timelike separated;

Z ¼ cosðHσÞ; if x and x0 are spacelike separated:
ð84Þ

In the de Sitter ambient space formalism, the mentioned
fundamental bitensors are given by

∂̄ασðx; x0Þ; ∂̄ 0
β0σðx; x0Þ; θα:θ0β0 ;

these are restricted to the de Sitter hyperboloid by

T μν0 ¼
∂xα
∂Xμ

∂x0β0
∂X0ν0 Tαβ0 :

For Z ¼ cosðHσÞ, we have

nμ ¼
∂xα
∂Xμ ∂̄ασðx; x0Þ ¼

∂xα
∂Xμ

Hðx0 · θαÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Z2

p ;

nν0 ¼
∂x0β0
∂X0ν0 ∂̄ 0

β0σðx; x0Þ ¼
∂x0β0
∂X0ν0

Hðx · θ0β0 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Z2

p ;

∇μnν0 ¼
∂xα
∂Xμ

∂x0β0
∂X0ν0 θ

ϱ
αθ0γ

0
β0 ∂̄ϱ∂̄ 0

γ0σðx; x0Þ

¼ cðZÞ
�
nμnν0Z −

∂xα
∂Xμ

∂x0β0
∂X0ν0 θα · θ

0
β0

�
;

where cðZÞ≡ − Hffiffiffiffiffiffiffiffi
1−Z2

p .

For Z ¼ coshðHσÞ, nμ and nν0 are multiplied by i and so
cðZÞ ¼ − iHffiffiffiffiffiffiffiffi

1−Z2
p . Considering both cases, we have

gμν0 þ ðZ − 1Þnμnν0 ¼
∂xα
∂Xμ

∂x0β0
∂X0ν0 θα · θ

0
β0 :

Then the dS ambient two-point function is related to the dS
intrinsic counterpart as

Qt
μνμ0ν0 ¼

∂xα
∂Xμ

∂xβ
∂Xν

∂x0α0
∂X0μ0

∂x0β0
∂X0ν0 W

t
αβα0β0 :

Eventually, considering the above identities, we obtain
the dS intrinsic two-point function in the following form

Qt
μνμ0ν0 ðX;X0Þ ¼ 2Z

27ð1 − cÞSS
0
�

f1
ð1 − Z2Þ2 gμνg

0
μ0ν0 þ

f2
ð1 − Z2Þ2 gμμ0g

0
νν0 þ

f3
1 − Z2

ðgμνnμ0nν0 þ g0μ0ν0nμnνÞ

þ
�
2ðZ − 1Þf2
ð1 − Z2Þ2 þ f5

1 − Z2

�
gμμ0nνnν0 þ

�
f2

ð1þ ZÞ2 −
f5

1þ Z
þ f4

�
nμnνnμ0nν0

�
d
dZ

WmcðZÞ: ð85Þ

VII. CONSIDERING THE SPIN-ZERO (PURE-
TRACE) PART OF THE THEORY AND THE

GAUGE-FIXING PROCEDURE

In this section, we study the pure-trace part of K by
considering

Kpt ¼ 1

4
θψ ;

ψ is a scalar field. Taking the trace of the field equation (24),
we have
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ðQ0 þ 6Þψ þ c
2
Q0ψ ¼ 0;

or equivalently

�
Q0 þ

12

cþ 2

�
ψ ¼ 0; c ≠ −2: ð86Þ

It is, however, known that any scalar field in correspon-
dence with the scalar discrete series UIR of the dS group
complies the following equation with integer n [21]

ðQ0 þ nðnþ 3ÞÞψ ¼ 0: ð87Þ

In this regard, comparing Eq. (86) with (87) leads to
nontrivial results for the gauge-fixing procedure. As
already mentioned, respecting the physical representations
of the dS group in the absence of the condition ∂̄ · K ¼ 0,
the gauge-fixing parameter must be set to c ¼ 2

5
to remove

logarithmic divergences (see Sec. II). By choosing c ¼ 2
5
,

however, ψ does not correspond to a UIR of the dS group,

ðQ0 þ 5Þψ ¼ 0;

and one encounters renowned difficulties in trying to
quantize these fields with the so-called “imaginary mass”
(with c > −2 or discrete series with n > 0). The two-point
functions for these fields demonstrate a pathological large
distance behavior [49]

W ≈ jZðx; x0Þj−3
2
þ

ffiffiffiffiffiffiffiffi
9þ 18

2þc

p
2 : ð88Þ

The choice c < −2 removes this pathological behavior for
the conformal sector, but a logarithmic divergence will
appear in the traceless part.
In this paper, however, we proved that by applying the

extra condition ∂̄ · K ¼ 0 (see Eq. (40) and its underlying
identities), one can eliminate the logarithmic divergence
without fixing c to the value of 2=5. Therefore, respecting
our calculations, in consistency with the dS physical
representations, one can choose c < −2 to remove this
pathological behavior from the pure-trace part, while the
removal of the logarithmic divergence is assured. Once
again “... our result is not in contradiction with the
representations of the dS group. In our work, applying
the aforementioned condition contracts the space of sol-
utions without losing the minimal requirements for the
solutions. While, the gauge-fixing parameter must be set to
2=5 when solution space is intact to remove the logarithmic
singular terms.”
Respecting the above capabilities, now, let us reconsider

the situation. Comparing Eq. (86) with (87) reveals that in
order to associate the scalar field ψ to the scalar discrete
series UIR of the dS group, we face the following cases:

(i) For n > 0 and n < −3 in Eq. (87), the scalar field ψ
satisfying Eq. (86) only corresponds to the dS UIR
with c > −2. However, as already mentioned in this
case, the associated two-point function presents a
pathological large distance behavior [49].

(ii) For n ¼ 0;−3 in Eq. (87), obviously, there is no
definite value for c to relate the scalar field ψ
satisfying Eq. (86) to the dS UIR.

(iii) For n ¼ −1;−2 in Eq. (87), interestingly, there
exists one and only one “optimal” value for the
gauge-fixing parameter, for which, ψ satisfying
Eq. (86) corresponds to the dS discrete series
UIR, i.e. c ¼ −8. Considering this choice, the
associated two-point function is also free of any
pathological large distance behavior [see (88)].

In this regard, considering c ¼ −8, Eq. (86) converts to

ðQ0 − 2Þψ ¼ 0: ð89Þ

It, ψ , is indeed the conformally coupled massless scalar
field in dS space, for which the corresponding two-point
function is [38]

WðHilbertÞ
cc ðZÞ ¼ −

H2

8π2

�
1

1 − Z
− iπϵðx0 − x00Þδð1 − ZÞ

�
:

It is worth mentioning that the above two-point function
has been calculated through the standard (Hilbert) quan-
tization method. It preserves the dS invariance. However, as
already discussed in detail, the covariant quantization of the
gravitational part (traceless part) requires an indefinite
metric field quantization based on the Krein quantization
method. Therefore, here in order to preserve the self-
consistency of the theory, the calculations are performed
in the Krein context, as well. The two-point function, then,
would be [14]

WðKreinÞ
cc ðZÞ ¼ iH2

8π
ϵðx0 − x00Þδð1 − ZÞ:

VIII. CONCLUDING REMARKS

In this paper, we have investigated the linear gravity
(graviton-graviton interaction is absent) in de Sitter space.
Pursuing the universal procedure, the result has been
presented in terms of a spin-two (traceless) part and a
gauge-dependent spin-zero (pure-trace) part.

A. The spin-two part: Covariant Gupta-Bleuler
and Krein quantization

Adapting the ambient space formalism and Gupta-
Bleuler triplets, and in analogy with the standard calcu-
lations, we have shown that the spin-two sector of the
theory can be written in terms of a projection tensor field
and the minimally coupled massless scalar field. Thanks to
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a new version of the canonical quantization method by
dropping the positivity requirement, the so-called Krein
space quantization, we have been able to obtain the fully
dS-covariant Wightman two-point function for this part. It
is remarkably free of the pathological large distance
behavior.
Here, we must underline that our result is not in

contradiction with the standard calculations, for which, it
is generally accepted that the phenomenon of de Sitter
breaking is universal and the corresponding two-point
function suffers from infrared divergences [50,51]. To
see the points, it should be noted that the two-point function
(81) is written in terms of the massless minimally coupled
two-point function Wmcðx; x0Þ that is obtained through the
Krein quantization scheme, in which, the one-particle
sector is not a Hilbert space and the vacuum is dS invariant.
While, the standard computations, through a Fock con-
struction based upon a one-particle sector of the Hilbert
space structure (equipped with a positive definite inner
product), allow no de Sitter–invariant vacuum state for the
minimally coupled field because of IR divergences [3,4].
Indeed, through the standard computations, not only dS
invariance but also gauge invariance is lost (since the
Hilbert space of the states is noninvariant under gauge
transformation ϕ → ϕþ constant; see Sec. V).7 So it is not
surprising that the calculated graviton two-point function
(the spin-two sector) based on it breaks the dS invariance.
Of course, even in our calculations if one abandons the
Krein quantization scheme for the minimally coupled field
and use the normal modes to construct the two-point
function, in agreement with standard computations
[50,51], the dS invariance is lost.
In spite of the presence of negative norm modes in the

Krein context, no negative energy can be measured; the
energy operator has positive expectation values in all
physical states which assures a reasonable physical inter-
pretation of the theory (the method indeed fulfils the so-
called Wald axioms) [14,15].

B. The spin-zero part: Consistent
gauge-fixing procedure

We have also perused the pure-trace part of the theory. It
has been proved that if considerations of the rigorous group
theoretical approach to the subject are taken into account,
through the suitable gauge-fixing procedure, the pure-trace
part is written in terms of the conformally coupled massless
scalar field. Indeed, de Sitter invariance is well preserved,
and the theory is free of any IR divergences. Therefore, the
obtained result for the spin-zero part is in complete

agreement with the usual viewpoint which asserts that this
part is gauge dependent and, hence, the presented diver-
gences can be suppressed by a proper gauge-fixing scheme
[50]. In addition, this result is remarkably consistent with a
requirement of the strong equivalence principle; in all
metric theories of gravity, including general relativity, in
which the scalar field is not part of the gravitational sector
(like our studied case), the coupling constant should be
conformal in order for the short distance propagators of the
theory to be compatible with those found in a Minkowski
spacetime [52,53].

C. Outlook: Interacting Krein QFT in curved space

In order to include the interacting cases in the presence of
the quantum effects of gravity, the theory requires more
investigations. As a matter of fact, through the Krein
method, the symmetric two-point function (Hadamard
function) vanishes, and so it cannot have the Hadamard
property. Therefore, it seems that there would be a difficulty
to construct perturbative interacting QFT in curved space-
time [54,55]. In this regard, we should emphasize that
although in this quantization scheme the vacuum is unique
and does not determine the physical states space, the link
between the physical space and the two-point function (a
function with Hadamard property but with another mean-
ing) remains [14,43]. Nevertheless, the construction of an
interacting Krein QFT in curved space remains open.
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APPENDIX A: SOME USEFUL RELATIONS

Some useful identities are collected in this appendix:

∂2 · θϕ ¼ −H2D1ϕ; ðA1Þ

Q2D2K ¼ D2Q1K; Q2θϕ ¼ θQ0ϕ; ðA2Þ

ðQ0 − 2Þx ¼ xQ0 − 6x − 2H−2∂̄; ðA3Þ

∂̄ðQ0 − 2Þ ¼ Q0∂̄ − 8∂̄ − 2H2Q0x − 8H2x; ðA4Þ

½Q0Q2; Q2Q0�K ¼ 4Sðx − ∂̄Þ∂̄ ·K; ðA5Þ

Q2SZ̄K ¼ SZ̄ðQ1 − 4ÞK − 2H2D2x · ZK þ 4θZ · K:

ðA6Þ

The following relations are considered to calculate the
two-point function:

7This problem is deeply analogous to the case of the massless
scalar field in Minkowski space, for which a positive definite,
analytic, Lorentz-invariant, and local two-point function is not
accessible. More exactly, if one insists on Lorentz invariance
necessarily lose positivity.
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∂̄αfðZÞ ¼ −ðx0 · θαÞ
dfðZÞ
dZ

; ðA7Þ

θαβθ0αβ ¼ θ � � � θ0 ¼ 3þ Z2; ðA8Þ

ðx:θ0α0 Þðx · θ0α
0 Þ ¼ Z2 − 1; ðA9Þ

ðx:θ0αÞðx0 · θαÞ ¼ Zð1 − Z2Þ; ðA10Þ

∂̄αðx · θ0β0 Þ ¼ θα · θ0β0 ; ðA11Þ

∂̄αðx0 · θβÞ ¼ xβðx0 · θαÞ − Zθαβ; ðA12Þ

∂̄αðθβ · θ0β0 Þ ¼ xβðθα · θ0β0 Þ þ θαβðx · θ0β0 Þ; ðA13Þ

θ0βα0 ðx0 · θβÞ ¼ −Zðx · θ0α0 Þ; ðA14Þ

θ0γα0 ðθγ · θ0β0 Þ ¼ θ0α0β0 þ ðx · θ0α0 Þðx · θ0β0 Þ; ðA15Þ

Q0fðZÞ ¼ ð1 − Z2Þ d
2fðZÞ
dZ2

− 4Z
dfðZÞ
dZ

: ðA16Þ

APPENDIX B: MATHEMATICAL RELATIONS
UNDERLYING EQ. (48)

Considering the identities given in Appendix A, the
conditions x · K ¼ ∂̄ · K ¼ 0 and Q0K ¼ 0, we have [17]

ðQ1 þ 6ÞD1ðZ1 · KÞ ¼ 6D1ðZ1 · KÞ; ðB1Þ

ðQ1 þ 6ÞxðZ1 · KÞ ¼ 6xðZ1 · KÞ; ðB2Þ

ðQ1þ6ÞZ1 · ∂̄K¼6Z1 · ∂̄Kþ2H2D1ðZ1 ·KÞ; ðB3Þ

ðQ1þ6Þ½H2ðx ·Z1ÞK�¼2½H2xðZ1 ·KÞ−Z1 · ∂̄K�: ðB4Þ
Combining (B2), (B3), and (B4) leads to

H2ðx ·Z1ÞK

¼1

3

�
1

3
H2D1ðZ1 ·KÞþH2xðZ1 ·KÞ−Z1 · ∂̄K

�
: ðB5Þ

With regard to Eqs. (B1) and (B4), we then obtain

ðQ1þ6Þ
�
1

9
D1ðZ1 ·KÞþðx ·Z1ÞK

�
¼6ðx ·Z1ÞK: ðB6Þ

Respecting these identities, one can easily obtain
Eq. (48).

APPENDIX C: MATHEMATICAL RELATIONS
UNDERLYING EQ. (52)

Substituting (51) into Eq. (46) leads to

Kα ¼ −
σ

2

�
Z̄2α þ ðσ þ 2Þ ðx · Z2Þ

ðx · ξÞ ξ̄α

�
ϕ: ðC1Þ

Using this equation, we have

Z1 · K ¼ −
σ

2
½H2ðσ þ 3Þðx · Z1Þðx · Z2Þ þ ðZ1 · Z2Þ�ϕ;

ðC2Þ

Z1 · ∂̄Kβ ¼ −
σ

2
H2

�
½Z1 · Z2 þH2ðσ þ 3Þðx · Z1Þ × ðx · Z2Þ�xβ þ ðσ þ 3Þðx · Z2ÞZ̄1β þ σðx · Z1ÞZ̄2β

þ ðσ þ 2Þ
�
H−2 Z1 · Z2

x · ξ
þ σ

ðx · Z1Þðx · Z2Þ
x · ξ

�
ξ̄β

�
ϕ; ðC3Þ

D1βðZ1 · KÞ ¼ −
σ

2

�
ðσ þ 3Þ½ðx · Z2ÞZ̄1β þ ðx · Z1ÞZ̄2β� þ σ

�
H−2 Z1 · Z2

x · ξ
þ ðσ þ 3Þ ðx · Z1Þðx · Z2Þ

x · ξ

�
ξ̄β

�
ϕ: ðC4Þ

Note that, for simplicity, the conditions Z1 · ξ ¼ Z2 · ξ ¼ 0 are imposed. Because of these conditions, the degree of freedom
of 5-vectors Z1 and Z2 then is reduced from 5 to 4.
Substituting (C1)–(C4) into (48) leads to

Kgβ ¼
σcH2

12ðc − 1Þ
�
g1ðc; σÞðx · Z2ÞZ̄1β þ g2ðc; σÞðx · Z1ÞZ̄2β þ

�
g3ðc; σÞH−2 Z1 · Z2

x · ξ
þ g4ðc; σÞ

ðx · Z1Þðx · Z2Þ
x · ξ

�
ξ̄β

�
ϕ;

where

g1ðc; σÞ ¼ 2ðσ þ 3Þ 1 − 4c
9c

; g2ðc; σÞ ¼ ðσ þ 3Þ 2þ c
9c

þ 2 − 5c
c

− σ;

g3ðc; σÞ ¼ σ
2þ c
9c

− ðσ þ 2Þ; g4ðc; σÞ ¼ σðσ þ 3Þ 2þ c
9c

þ ðσ þ 2Þ 2 − 5c
c

− σðσ þ 2Þ:
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Then we have

D2αKgβ ¼
cσ

12ðc − 1ÞS
�
g01ðc; σÞZ̄1αZ̄2β þ g02ðc; σÞ

ðx · Z2Þ
ðx · ξÞ Z̄1αξ̄β þ g03ðc; σÞ

ðx · Z1Þ
ðx · ξÞ Z̄2αξ̄β þ ðg04ðc; σÞZ1 · Z2

þ g05ðc; σÞH2ðx · Z1Þðx · Z2ÞÞθαβ þ ðσ − 1Þ
�
g04ðc; σÞH−2 Z1 · Z2

ðx · ξÞ2 þ g06ðc; σÞ
ðx · Z1Þðx · Z2Þ

ðx · ξÞ2
�
ξ̄αξ̄β

�
ϕ; ðC5Þ

where

g01ðc; σÞ ¼ 2ðσ þ 3Þ 2þ c
9c

þ 2 − 5c
c

− ð2σ þ 3Þ;

g02ðc; σÞ ¼ 2σðσ þ 3Þ 2þ c
9c

þ ðσ þ 2Þ 2 − 5c
c

− σð2σ þ 5Þ;

g03ðc; σÞ ¼ 2σðσ þ 3Þ 2þ c
9c

þ 2ðσ þ 2Þ 2 − 5c
c

− 2σðσ þ 1Þ;

g04ðc; σÞ ¼ σ
2þ c
9c

− ðσ þ 2Þ;

g05ðc; σÞ ¼ ðσ þ 3Þ
�
ðσ þ 2Þ 2þ c

9c
þ 2 − 5c

c
− ðσ þ 1Þ

�
;

g06ðc; σÞ ¼ σðσ þ 3Þ 2þ c
9c

þ ðσ þ 2Þ 2 − 5c
c

− σðσ þ 2Þ:

Finally, considering the above identities and Eqs. (41) and
(38), one can easily obtain (52).

APPENDIX D: AN INTERACTING THEORY IN
MINKOWSKI SPACETIME

In this appendix, we briefly study the Krein space
quantization behavior in Minkowski spacetime for a theory
with interaction. In this regard, let us illustrate the points by
giving a simple example: an interacting scalar field with the
following Lagrangian density,

L ¼ gμν∂μϕ∂νϕ −m2ϕ − VðϕÞ: ðD1Þ

Here,H ¼ Hþ ⊕ H− determines the free-field Fock space,
while the space of physical statesHþ is closed and positive.
Regarding the appearance of unphysical states in the

method, unitarity of the theory would be preserved by the
following procedure, which is the so-called unitarity con-
dition: let Πþ be the projection over Hþ,

Πþ ¼
X
fαþg

jαþihαþj; jαþi ∈ Hþ; ðD2Þ

so that

ΠþϕΠþjαi ¼
�
ϕþjαi; if jαi ∈ Hþ
0; if jαi ∈ H−

: ðD3Þ

On this basis, then, the same predictions as the usual scalar
field theory would be assured by substituting the standard
choice for the Lagrangian potential, i.e. VðϕÞ, with
V 0ðϕÞ≡ VðΠþϕΠþÞ, which is the restriction of V to the
positive energy modes,

L ¼ gμν∂μϕ∂νϕ −m2ϕ − V 0ðϕÞ: ðD4Þ

As accurately discussed in Ref. [43], pursuing the same
procedure for the other canonically quantizable theories,
i.e. replacing the various fields χ (for interacting terms) by
their restricted forms Πχ

þχΠ
χ
þ, where Π

χ
þ is the correspond-

ing projector, the unitarity of the theory would be guaran-
teed. It should be noted that the so-called radiative
corrections are the same as in the usual QFT. The only
difference between such a Krein field theory and the usual
ones is the vanishing of the vacuum energy of the free field.
[To obtain a detailed construction of the quantization
method and, in particular, the unitarity condition and
compatibility with the (Hilbert space) QFT’s counterpart
in the Minkowskian limit, one could refer to Ref. [43]).]
The crucial point, which should be underlined here, is

that the operator Πþ may not exist in a curved spacetime.
Therefore, on such a space, the difficulty of the interacting
field, as is well known, is much more elaborate.
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